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B Discussion: P18~24

O RRRR equations for R48¢
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Tetrahedron equation 3/25

B Matrix equationon V; @ - @ Vg (V;: linear space)  [Zamolodchikov'81]
O X;jx (X = A,B,C,D) acts non-trivially onlyon V; ® V; ® V.

A191B13:Ca35 D 156 = Dy55Co35B135A124

B 3D analog of Yang-Baxter equation (YBE)

O We can construct a 3D version of transfer matrices similarly to YBE.

B Several solutions are known although less systematic than YBE.

Zamolodchikov, Baxter, Bazhanov, Korepanov, Mangazeev, Sergeev, Stroganoy,
Kapranov, Voevodsky, Kazhdan, Soibelman, Carter, Saito, Kuniba, Okado, ...




RLLL relation

4/25

B Today, we focus on the RLLL type tetrahedron equation:
Ly9s L35 Loge a5 = HaseLozs Ligs Liaa

B |f we specify the outer lines for 1,2,3-th spaces, this reads as
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B Foreach (i,j, k,a,b,c), () gives linear equations for R.
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B If we can ansatz 'good” Ls, we can then obtain a solution to the RLLL
type tetrahedron equation by solving these equations.

B In fact, it can be done by considering a quantized six vertex model for Ls.



q-Oscillator algebra valued six vertex model ~ 5/25

B ¢-Oscillator algebra O,
O Genetators: k, a*
[0 Relations ka* = gtaTk, ata  =1—-k? a at =1-— ¢%k?
O Representation my on Fy = ®mez.,C|m):

7o klm) =q™ m), a|m)=|m+1), a"|m)=(1—q)|m—1)

B L-operator LY € End(C? ® C? ® F,) [Bazhanov-Sergeev'06] ;

(yeek) = Y |k er(Lm)k L = %

a,be{0,1} j
0 1 0 1 0 1
0+’0 1%1 1%1 0%0 0%1 1%0
0 1 0 1 1 0
1 1 uk —quk at a”

Y. parameter



RLLL relation for 000 6/25

B Thm: [Bazhanov-Sergeev'06]
O Consider the following RLLL relation for L°:

O 70 70 pPOOO 00070 70O 10O
L124L135L236R456 — R456 L236L135L124
Uy Hs  HUe
000 ®3 . . . .
OR € End(F;”7) is uniquely determined and given by

(ROOO)a,b,c — 5a+656—|—c @ ?: _ﬂ ° & K ik+b(k—i+1) a—+ b ¢ q_2bs q—2£ . a2 ,—2c
i,j,k _ Tr"‘j‘ j—l—k ﬂz ﬂr?, I_l'r]_ q a 22 1 q_2a_2b ?q Sq
q

(2,0) 00 = 1 I

n>0

(1-24")  (2;q)m = ( (2 9)oc 201 (af;ﬁ;Q,z) = Z

24™; @)oo =5 (5 Dn(GDn

O R999 also satisfies the RRRR type tetrahedron equation:

000 OO0 ROOO POOO _ POV ROOO POV ROOO
Ripa Rizs Rozs Rise = Rise Iloze Ilizs 1Iliza

B Thm: [Kapranov-Voevodsky'94]
O RY299 = intertwiner of irreps of quantum coordinate ring 4,(A4;)

R99% o (m ® m2 ® m1(AP(g))) = (72 ® m1 @ m2(A(g))) 0 R°C Vg € Ay(A2)
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qg-Weyl algebra 8/25

B Aim: Generalize the RLLL approach by Bazhanov-Sergeev

B Recall: g-Oscillator algebra 0,
O Genetators: k, a*
O Relations ka* = g*a*k, ata  =1-k? a a' =1- ¢’k?
O Representation my on Fy = ®mez.,Clm):
7o :k|m)=q™|m), at|m)=|m+1), a |m)=(1—q¢*)|m—1)
B g-Weyl algebra W,
O Generators: X*1, 7+1

O Relations: XZ = qZX
O Representations my, m; on F = @,,czC |m):

mx : X|m)=q" |m), Z|m)=|m+1) (coordinate rep)

mz: X|m)=|m—-1), Z|m)=4q"|m) (momentum rep)

B Anembedding 0, > W,: k= X, at—2Z, a —»Z2'(1-X?



qg-Weyl algebra valued six vertex model 925

B L-operators L4 (A = X,Z,0) [Kuniba-Matsuike-Y'22]
OL4€eEnd(C°P°RQC*°RF)(A=X,Z)and L° € End(C* ® C>* ® F,)

LApelhelk)= Y laeb)er(Ly)k) (A=X,20)

a,be{0,1}
b 0 1 0 1 0 1
z’%a 0%0 1+>1 1%1 0%0 0%1 1%’0
J 0 1 0 1 1 0
(LX)C‘;jb (LZ)”‘; r S twX —qtX Z Z7l(rs—t?*wX?)
(L9)g5 1 1 Hk —qu~'k a* a~
B Remark: 7, S, t,w, u: parameters

O L for (r,s,t,w) = (1,1, u™ L, u?) corresponds to L° via the pullback.
O LZ doesn't have such a correspondence and behaves differently from L°.

O Slightly different but similar L* was introduced in [Bazhanov-
Mangazeev-Sergeev'10] but L is new.



Family of RLLL relations 10/25

B Our Problem:
O Solve the following equation for R4B¢ (A, B, C € {X, Z, 0}):

A B C ABC _ pABC7tC B A
L124L135L236R456 _R456 L236L135L124

S\ T—

T4,S4,Lay Wy OF iy T6) Se» te) We OF g

Ts, Ss, Ug, Wg OF Ug

O Each L has different parameters depending on its tensor compoment.




Main result 11/25

B |[Kuniba-Matsuike-Y'22]:
O We solved RLLL relations for the following ABCs.
ABC | feature locally | 4(sector)

finiteness

277 | factorized no 4
OZZ 2¢1 no
270 2@51 no 1

Z0OZ | 3¢2-like no
OO0Z | factorized yes

Z0OO0 | factorized yes 1
0OZ0O | factorized no
000 201 yes 1
XXZ | factorized no
ZXX | factorized no 2

XZX | factorized no

O For all cases, R4B¢ are uniquely determined in each sector specified by
appropriate parity conditions.

O We obtained the explicit formulae for them, where their matrix
elements are either factorized or expressed as gq-hypergeometric series.



RLLL relation for ZZZ 12/25

B Examples of RLLL relation for ZZZ:

RI®X®X)=(19X®X)R, RX®X®1l)=(X®X®1)R,
—rraR(1®Z®1) = (ghtzni X RZ X —reZ ®@1® Z)R,
R(—qtitaws3X R ZRX + 522010 2Z)=35:5(102Z®1)R,
tR(X®Z® Z ' (rasy — t3wsX?) + 528372 @10 X) = s3t2(Z @ X ® 1)R,
R(tzwzZ Y risy —t3unX?) @ Z @ X + sotyun X ® 1® Z) = s1towq(1 ® X @ Z)R.
Tz: X|m)y=|m—-1), Z|m)=q™|m)
B Writing down actions of m,, we obtain recursion relations for R%4%:

a.b,.ec a,b+1,04+1 a,b,c _ a+1,b+1,¢c
Rij 1L.k—1 — Rijk ! Rz 15—-1.k — R',j,k? i

(qu,+|':,ll,:2 _ Q‘J‘i‘"l‘f‘g)Rabc — q1+bt1t W R?j—]ﬁ;bc—klu

i+k abe _  1+j
(q S2— 4 3133)3‘13.‘: - titzwg Rz 1_}‘k 1!

) ’ 9 k b, k b+1,
¢’rasst1 R 1“3 — ¢ 2y 2w RMYC Cik_ata s tER?;,.f 1 =" Fsgta RV

a,b+1.c

q f‘lSlthUgREj k—1 " Q‘J+2t tgwlng ’2’} E—1 + q Sgt uw R,?iij k= q Sltg‘w‘le .k

B Fact: Recursion relations for ZZZ consists of 4 disjoint sets, which
are specified with the parity pair (dy,d,) = (a+c—j,b—i—k).



RLLL relation for ZZZ 13/25

B Thm: [Kuniba-Matsuike-Y’22]
O R?%%Z € End(F®3) is uniquely determined in each sector and given by

m dy dg dy
abe r2 2 52 2 to 2 lowsg 2
Rijk = t1taw tytaw St Satqw
13w 133 13 3191
P (1) % (552) 24 (22)
(I)—Gh ( 2:;'-"‘3) q}d3+d4 (212331)
1
p= 1((-5{1 —da)(dy + d2 + d3 + dy) + dsds) — d,
di\ [(a+c—] d3\ [(—-a—-b+c+i+j—k
do) \b—i—-k)’ dy] a—b—c—i+4+75+k
1
®,.(z) = m € Z),
m(2) (2¢™; ¢2) o ( )
B Features:
O The matrix elements of R%4Z are factorized.

O R%%Z is not locally finite.
O There are 4 sectors specified with the parity pair (d4, d>).

X q¥ a,b,c,i,5,k € Z




RLLL relation for 0ZZ 14/25

B Thm: [Kuniba-Matsuike-Y’'22]
O R9%Z € End(F, @ F ® F) is uniquely determined and given by

Rf;’; =0(1>0) (T_?) (ﬂ) (tﬁ’w?) (_@) Mq(a—bﬂ—llc—{z—b+:r—13k—a3+bz

T3 52 1152 T3 (4% 4?)a
g%,z g 2 . 2i+2j—2a—2b ] 1
X201 | 1 auis3dY4 : a,i € Zxo, b,c,j,k € Z
z"1q
2
r3ws — M= 82
p=py, Y=g, 2=l

2 s3 Towsy

B Features:
O The matrix elements of R9%Z are expressed as g—hypergeometric series.
O R9%Z is not locally finite.
O There is only 1 sector.



RLLL relation for 00Z 15/25

B Thm: [Kuniba-Matsuike-Y’22]
O R99Z € End(F, ® F, ® F) is uniquely determined and non-trivial iff
1y /1, = q% for d € Z. In that case, it is given by

R(d)}"7 = 0(e € Z)6(min(s, j) > 0)65; a,b,i,j € Zso, e,k €Z

X sb(pots)™® (“283)3 (tgﬂ)ech—bk (¢212¢727: %) (%% ¢°)i—a
° t3ws r383 (q25q2)f(q2a_26;q2)e—a |

(b+c+i—k—d)

o | =

(a_c+‘?+k+d): f:

Mll—h

e =

B Features:
O The matrix elements of R99Z are factorized.

O R99Z is locally finite.
O There is only 1 sector but R%9Z is non-trivial if the parity of 2e is even.
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B Thm: [Bazhanov-Sergeev'06]
O R990 € End(F®?) is uniquely determined and given by

i b k _ _2i

(ROOO)a,b,0_5a+656+c H3 M K2 ik+b(k—i+1) a+b & g *q 21’, 2 _2¢

Bk T Cikd Titk \ gy, 13 1 q a 22 1 g—2a—2b 459
q

B Features:
O The matrix elements of R999 are expressed as g—hypergeometric series.

O R999 is locally finite.
O There is only 1 sector.
O R999 also satisfies the following tetrahedron equation:

000 ROOO ROOO POOO _ POV POOO POV RPOOO
Ripy Rizs Raze Rise = Rise Iase Llizs 1o

O RY99 = intertwiner of irreps of quantum coordinate ring 4,(4;)
RO9% o (m1 @ m @ m1(A%(g))) = (m2 @ m @ ma(A(g))) 0 RO9C Vg € Ay(A2)
m; : Ag(Az) = End(Fy)
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RRRR equation as associaticity 18/25

B |f we have LigsL135LoseRase = RaseLozeL135L124, We have

Ri24R135R236 Ras6 Lape Liays LgyaLliassLigse Lysi

= R124 R135 R236L,8fy4La75LaﬁGLa63L362L761 R456

= R124 R135Lﬁ74La75L562La53La[36L751 R236 R456

= Ri24R135 LgyaLlgsaLavys Las3Lliys1 Lape Ra3e Rase

= R124LgyaLps2Lys1Las3Lays LapeR135 Ra3e Rase

= Lys1LgsaLpyaLassLioysLapel124 R135 Ro36 Las6

= Lys1LgsaLassLgyaLliays Lage 124 R135 R236 Ryse

. . . LQB()‘LQ 5Lﬁ 4La53L552L 61
B R,:cR,3cR135R 24 also gives an intertwiner for o !
L751LB52L0{53L)674LQ75L0{[36

B |f they are irreducible and equivalent, we have

Ri94Ri35 Ross Rus6 = RaseRase Ri35sRi124  (Up to normalization)



RRRR equations for R45¢ 19/25

M For our RLLL relations, we expect the following RRRR equation

holds:
ABD pACE pBCF pDEF DEF pBCF pACE pABD
R124 R135 R236 R456 :R456 R236 R135 R124
B Remark: A,B,C,D,E,F € {X,Z,0}

O Each tensor component is assigned with different parameters.
Oeg fA=B=C=D=E=F =1Z,thisdepends onr;,s;, t;,w; (i =1, ...,6).

O R4BCs except for ABC = 00Z,Z00, 000 are not locally finite, so the
convergence of RRRR equation is non-trivial for such cases.

O LZ is not irreducible because (Lz)g’jb does not include X 1.

b 0 1 0 1 0 1
i%a O%’O 1%’1 1%1 0%’0 0%1 1%’0
J 0 1 0 1 1 0
(LZ)?,’;) r S twX —qtX Z I Y(rs—t*wX?)
nz: X|m)y=|m-1), Z|m)=q™|m)
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B Conjecture: [Kuniba-Matsuike-Y'22]
O The following RRRR equations are valid:

RESORECRIORESC — RELCRIZORISORI  ROIORICRILORI = ROSOROZORIORIZC
RERC RIZORERORIG? = ROSTROGORSRORIZ  ROQOROZCREAORES = REQOREEO RGO RO’
REG RIS ROQRERC = RISOROICREDP RIS RQZOROQORIRTRISC = RIQORISTROGORGZC
RIS RGS REGORESL — RGO RIQORISP RO, RQOREORQZOREI = RO RGO RLLO RO

RR7 REQ RISO RO = ROC RO RIS RIS
56 236 -
R405%ORZOOROOOROZO — R?ZEOR?;;ORzZ?’%OROOO

236 “M135 “H24 456 RZ00 ROZO ROZO ROOZ _ ROOZ ROZO ROZO RZOO

ROZO ROOO pOO0Z ROVO _ ROOVO ROOZ OO0 ROZO 456 <236 “M135 V124 124 “%135 ~'236 ~V456
456 7236 135 24 T TRI24 TR135 TR236  TR456 ROZO ROZO pOZZ OO0 _ ROVO ROZZ ROZO ROZO
ROOO0 RpZ00 RZ00 RpZZ0 _ pZZ0 pZ00 RpZO0 OO0 456 “'236 “M135 “M124 124 “H135 1236 “456
456 236 7135 “M24 T SM24 S35 7236 456 ROOZ ROZZ pOZO ROOO _ ROVO ROZO ROZZ ROOZ
RZ00 RO0O pZ00 pZ0Z _ RZ0Z RZ00 ROVO RZOO 456 “"236 “135 124 124 7135 7236 “456
456 236 135 124 — “%24 “%135 ~1236 456 ROZO RpOZO RZZ2Z pzZ00 _ pzZ0O0 pZZZ pOZ0 RpOZO
RZ00 RpZOO pO0O0 pOZZ _ pOZZ pOOO RZOO RZOO 456 11236 “'135 ‘124 124 +l135 ‘236 {l456
456 236 135 124  — <4124 “'135 236 4456 ROOZ pz2Z pOZO ROZO _ ROZO ROZO pZZZ pOOZ
ZZ0 pO00 pOOZ ROOZ 00Z pOOZ ROOO RZZO 456 77236 TM135 TH24 7T TMI24 7RS35 TR236 TR456
Rise Rase Rizs” Ripz~ = Risy” Rysg” Ryss Rise

ZOZ pO0Z pO00 pOOZ _ pOOZ pO0O0 pOOZ RpZOZ ) )
Rise” Ryse” Rizs Rizs~ = Rioq” Riszs Rass” Rise Rermark: Each equatlon is checked for
0ZZ pO0Z pOOZ pOOO _ pO00 ROOZ RpOOZ pOZZ .
Ryge” Raze” Mizs” iaq = Rz Rizs™ Ryze” Rise over 10000 outer lines by computer.

Z00 pZ00 pZ00 pZZ7Z _ piZZZ pZ00 pZ00 pZOO
Rise Rase Rizs Riza” = Risy” Rizs Raze Rise s

227 p00Z pOOZ pOOZ _ pOOZ pOOZ pOOZ pZ 77
Rise” Rase” Rizs” Riza” = Ripq” Rizs” Raze” Rise



R“%*% as intertwiner of A, (4,) 21/25

B Proposition: [Kuniba-Matsuike-Y’'22]

O R?%%Z € End(F®3) satisfies the following intertwining relation of the
quantum coordinate ring 4, (4,):

R?%% o (m @ m2 ® m(A%P(g))) = (m2 @ m @ m2(A(g))) 0 RZ%7 Vg € Ay(A2)

O n; = m, o o;, where p; and g, are respectively given by t;;: generators of 4,(4;)

t11 ti2 t13 Z Y uy —g1h1X?) ¢ X 0 uz_l 0 0
to1 toz o3z | — —thX YA 0 , 0 Z_l(’LLQ—thQXQ) QQX

t31 t3z2 t33 0 0 uy’ 0 —qho X Z
O r;s are not irreducible.  7z: X |m)=m—1), Z|m)=q"|m)
O Identification of parameters is done as follows:
u1 = uz(=:u) g1h1 = g2ha(=:p)
™ T2 S9 S3 o 5183 9 tfwl t%*wQ t%ws, P
E:E’ Ezgj EZj E_u T‘131:T232:?"383_E



Root of unity 22/25

B If we specialize g to a root of unity, the Fock spaces F, F, become
finite dimensional. If we can formulate R4B¢ in such cases...

B Extension of family of RRRR equations:

O Getting over its non locally finiteness, we obtain more family of RRRR
equations.

B Connection with physical models:

O Finite dimensional solutions to tetrahedron equations are quite
important because they can be used to construct tractable 3D transfer
matrices.

O [Bazhanov-Mangazeev-Sergeev'10] introduced (L*)’ which is slightly
different from L* and solved (R*%%)" at N-th root of unity. They found

(R*XX)" = Bazhanov-Baxter model
(spectral parameter dependent solution to tetrahedron equation)

‘ reduction [Bazhanov-Baxter'92]

generalized chiral Potts model
= 2D R matrices associated with U, (Agll_)l) at root of unity



Other comments 23/25

B Boundary integrability in 3D:

R(LLL) = (LLL)R » RRRR=RRRR
(Yang-Baxter equation up to conjugation) (Tetrahedron equation)

K(LGLG) = (GLGL)K » RKRRKKR=RKKRRKR
(reflection equation up to conjugation) (3D reflection equation)

O a g-Weyl algebra version of [Kuniba-Pasquier'18], [Kuniba-Okado-Y'19]?

B Reduction to 2D:

O Generally, infinitely many solutions to the Yang-Baxter equation are
obtained from one solution to the tetrahedron equation.

O For RY999, they are identified with R matrices associated with

reduction R matrices [KunibatOkado'14]
by trace U, (A7(11_)1)' symmetric tensor rep.
by boundary (2) (2) (1)
vector Ug(D,11) Ug(A5), Ug(Cy ), Fock rep.




Other comments 24/25

B Characterization in terms of PBW bases:

O Let us consider the transition matrix y for PBW bases of quantum
enveloping algebra U, (4,):

96D = Y b - (s) i kyabe € T
1,5,k

O ¢(®: divided power given by e = ef/[a]!

O Theorem: [Sergeev'07], [Kuniba-Okado-Yamada'13]

’b’ !bﬂ
’ijj,kc - (ROOO)?,j,k(:

O Can we formulate R48C in this context?




Summary 25/25

B We considered three kinds of L-operators LX,1%,1° and RLLL
relations which they satisfy. They can be regarded as g-
Oscillator or g-Weyl algebra valued six vertex models.

B We solved these RLLL relations and obtained explicit formulae
for R4BC¢ For all cases, R4B¢ are uniquely determined in each
sector specified by appropriate parity conditions and their
matrix elements are either factorized or expressed as g-
hypergeometric series.

B By computer experiments, we conjectured RRRR equations for
R4BC This is motivated by earlier results about representation
theoretic origin of R999,

B We found R%%% satisfies an intertwining relation for reducible
representations of 4, (4,).



	スライド 1: Tetrahedron equations associated with quantized six-vertex models
	スライド 2: Outline
	スライド 3: Tetrahedron equation
	スライド 4: 大文字 R 大文字 L 大文字 L 大文字 L  relation
	スライド 5: q-Oscillator algebra valued six vertex model
	スライド 6: 大文字 R 大文字 L 大文字 L 大文字 L  relation for 大文字 O 大文字 O 大文字 O 
	スライド 7: Outline
	スライド 8: q-Weyl algebra
	スライド 9: q-Weyl algebra valued six vertex model
	スライド 10: Family of 大文字 R 大文字 L 大文字 L 大文字 L  relations
	スライド 11: Main result
	スライド 12: 大文字 R 大文字 L 大文字 L 大文字 L  relation for 大文字 Z 大文字 Z 大文字 Z 
	スライド 13: 大文字 R 大文字 L 大文字 L 大文字 L  relation for 大文字 Z 大文字 Z 大文字 Z 
	スライド 14: 大文字 R 大文字 L 大文字 L 大文字 L  relation for 大文字 O 大文字 Z 大文字 Z 
	スライド 15: 大文字 R 大文字 L 大文字 L 大文字 L  relation for 大文字 O 大文字 O 大文字 Z 
	スライド 16: 大文字 R 大文字 L 大文字 L 大文字 L  relation for 大文字 O 大文字 O 大文字 O 
	スライド 17: Outline
	スライド 18: 大文字 R 大文字 R 大文字 R 大文字 R  equation as associaticity
	スライド 19: 大文字 R 大文字 R 大文字 R 大文字 R  equations for 大文字 R じょう 大文字 A. 大文字 B 大文字 C 
	スライド 20: 大文字 R 大文字 R 大文字 R 大文字 R  equations for 大文字 R じょう 大文字 A. 大文字 B 大文字 C 
	スライド 21: 大文字 R じょう 大文字 Z 大文字 Z 大文字 Z  as intertwiner of 大文字 A. 下付き q 、 左小かっこ 大文字 A. 下付き 2 右小かっこ 
	スライド 22: Root of unity
	スライド 23: Other comments
	スライド 24: Other comments
	スライド 25: Summary

