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YBE and RE in 2d integrability 2/28
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M Point: characterization vs explicit formula

WM Strategy: 3d structure — an explicit formula




Outline 3/28

B [ntroduction (done)

B MP structure of K for the fundamental reps of U, (A,(ll_)l) P4~14

B MP structure of K for the symmetric tensor reps of U, (Af,}jl) P16~24

B Summary and Outlook




Quantized coordinate ring A, (G) 4/28

B the Hopf algebra dual to U,(g) [Drinfeld,87],[RTF,90] etc...
B Defined on arbitrary simply connected simple Lie group G
B Simplest Example: A,,(SL;)

Recall

t t
SLy = { ( 1 12) c End(Cz)‘ [tij tra] =0, tiitas — tiotor = 1}

to1  l22
Ap(SLa) = (t11,t12,t21,t22) with the relations
t11t12 = ptiatin, tiitar = plarti, tiates = plastia, la1taz = plaalan
[t12,t21] = 0, [t11,t22] = (p — p~V)tartro t11t22 — ptiato; =1

becomes Hopf algebra with coproduct A(t;;) = >, tik @ ti;



Representation of A, (G) 5/28

B The irreducible reps of A,(G) are classified in [Soibelman,91]

e, elements of the Weyl group W(g)

B Let p-boson (1,a™,a™,h)with the relations
k = pP, ka® = pTatk, a—at =1 —p?k?, ata” =1 — k?
and its Fock space F, = &m>0C|m) with
k|m)=p™|m), at|m)=|m+1), a~ |m) = (1 -p*")|m —1)

B Theorem [Soibelman,91]
O All the irreps of A, (G) are given as follows:

s; € W(g) (simple reflection) «——— m;: A,(G) = End(F)
T Q- Q5

Si, ++8i. (reduced expression)

O |f81'1"'8i =8j1"'8jr,then T Q- M, =275, -+ Ty,

r



Example: A,(SP,) 6/28

. AP(SRL) - (tz’j)ij:1 61 é 62
T 2
t11 ti2 tiz tia a k 0 0 1 0 0 0 Fp sz
fa1 t2z log toa | | —pk a® 0 0 0 A~ K 0
t31 t32 33 ta4 0 0 a —-k|’]0 —sz AT 0 (ai, k):p-boson
tar  taz taz tag 0 0 pk at 0 0 0 1/ (A% K):p*boson
N W(8p4) = (81,82> §15285159 = $9515251

‘ T QT XM Qg >~ Ty XM QT &7y
B By Schur'slemma=®:F, @ F:QF,@F,: — F:®F,® F2 QF,
To @ T & o ®7T1(A(tw)) od = (I)O’ﬂ'l &) o K 1 ®7T2(A(tw))

| Seth:@oaeEnd(szcg)Fp@sz®Fp) CrRYR2QUW) =wWR2QYR T
To X T ®7T2®7T1(A(t@j))O]C=]CO7T2®7T1®7T2®771(A0p(t9‘,j))
Here, AOp(tij) = O'A(tij)(f



3dK 7/28

B Denote its component as K |4, 5,k, 1) = 3, ,, . « KiSii* la, b, ¢, d)

B Prop [Kuniba-Okado,12] 3,7, k,0) :== i) @ [j) @ |k) @ [I)
O With the normalization K |0, 0,0, 0) = |0,0,0,0)

a,b,c,d __ p) Z I)CHJY pPK i,j+k—a—B—,0,l+k— a—,ﬁ fy 5j—i—k—oz—6,k—|—l—a—6
i,7,k,0 T 4)0 ab+c a—pB—~,0,c+d—a— HB ,.},7 ae,d—a,k—a—,@,c—ﬁ—fy

ab,0,d _ pix (D) ata " gl
Kijo. —;( Do, P { A= Ab—Xj—b+A

d1=ala+2c—=26—-1)+28—-c)b+c+d)+~v(v—1)—k(j+k+1)
o =(i+a+1)b+1—2\)+b—1

Here,

L 2 . . -
-t (e b f e

b1y s s 0 otherwise

O /C?jb’,f,l € p"Z[p?] 1 = jl + bd mod 2
OK1=x
O [(zy HMzP2 (zy)sy™ K]=0 hi=helel®l

h |m) =m|m)



Quantized reflection equation 8/28

B Recall the intertwining relations for 3dK
To@MQma@71(A(Li;)) oK = Koma@m @ma®@m1 (AP (t:5)) (4,5 =1,---,4)

RE up to conjugation =: Quantized RE  [Kuniba-Pasquier,18]
“ 1 % 3 4 5 6
L123G24L215G16K 3456 = K3456G16L125G24L213 € End(V @V ® Fj2 @ F), ® Fj2 ® F},)
V = C’UO D C’Ul
0 L‘i"f and G;" act on the auxiliary Fock spaces. i,j,a,b € {0,1}

b

1 0 0 0
— 0 pK A~ 0 a,b .
L= 0 At —pK 0 Liy =i ‘ “
o 0 0 1 j
€End (VRV®Fy) € End(F:)

1 a
G- (& Pk Go =
p2k a” v




Reduction: General method 9/28

B QRE can be reduced and gives the solution of RE
1. Consider the n-copies of QRE:

L1,2,3G2,4L2,1,5G1,6/ 5056 = K3u56Gr1y6L01,2,5Go0L2,1,5 j=1,---,n
2. Multiply L1;2,3G2;4L2,1;5G1,6 G =1, ;1) 10 Ky from left and use QRE:

[L1,2,3G2,4L2,1,5G1,6] - - [L1,,2,3G2,4L2,1,5G1,6] 450

= K3156|G1,6L1,2,5G2,1L2,1,3] -+ [G1,6L1,,2,,5G2,1L2,,1,,3]

[L1,2,3 - L1,2,3] [G2,4 -+ - Ga, 4] [L2,1,5 - La,1,5] [G1y6 -+ - G1,6] Ksuse

= Ksu56 [G1y6 - - Gr,6) [Lay2,5 - - Liy2,5) [Goya - - Ga,al [Log1,3 -+ - Loy, 3]

3. Use X~ =% and [(zy™ "™z (2y)"™ 9", K] = 0, and take Tr over 3456:

=)

Ry2(zy~ ') Ka(z)Raa (zy) K1(y) = K1(y)Raz(zy) K2 (z)Rax (zy~ ")

Ria(z) = Trp, (2PeLq,9,0---L1 2. ,) € End(V® @ V&)
Kl (Z) TI‘Fp (Zh“Glla - e Glna) - End(V®”)



Reduction: 3dL and 3dG 10/28

aj, Bi, 75,05 € {0,1}

R(Z)a rE -— T¥ ( hL’h 51 . LZZ ﬁnn) K(Z)g — Tr (ZhGgll L Gg’;)
R(z) € End (V®" @ V®”) K(z) € End (V&™)

B Natural Q: R and K have the origins of quantum groups?

B Yes! They are related to the fundamental reps of U (A(l)l).
From now on, we fix p = iq.



U (A(l) ) and the fundamental reps 11/28

Generators: ;. f;, k7! (j € Zy)

Cartan matrix; aij; =26;; — i j+1 — 0ij—1

B Relations: kikT ' =1, [ki, k] =0, kie; = > ek, kif; = q > fiki
ki — k! ,
lei, fi] = 0ij———5 + Serre type relations
q q

Coproduct:  Akf'=ki' @k, Aej=e;@1+kj®ej, Af;=1R f;+ f;@k; !
B Antipode: S(kj) =k;t, S(ej) = —ejky s S(f;) = —kif;

Fundamental rep (W, ,, px.,)
pk,z : Uq — End(Wk,z)

V@?’L — n_ W =
T oo { prz (kv = @0+ =% )y,

— 05
pk;z(ej)va =z J’Ova—ej+ej+1
ate;—ejyg

Wk’z = @ C(q)fval ® .« o ® Uan
(o1, youn )€{0,1}7 Pi.z(fj)Va = 2
Z;L:]_ cxj_k: ;

ej:(oa"' R 70)

as U,(A,—1) module, Wy , =~ V(wy) i.e. k-th fundamental rep.



Characterization by quantum groups 12/28

B Prop [Bazhanov-Sergeev,06]
O R(z) :=Tr (:"L---L) € End (V®" ® V®") decomposes as

R(z) = @ogg,mgn Rim(2), Rl,m(ﬂfyil) € End(Wi . @ Wi y)

and satisfies the following intertwining relation

Rim (zy™") 0 pre ® pmy(AG)) = pra ® pmy(A%(9)) 0 Rim(zy™") Vg € Ul (A1)

B What about K(2) := Tr (:"G - G) € End (V®")?

B K-matrices are systematically constructed by considering
some coideal subalgebra of U,, parallel to R-matrices!

[Delius-Mackay,01]

Ug coideal subalg of U,



Reflection equation and coideal subalg 1328

B LetJ, be a left coideal subalg of U,(4%",) i.e. A(7,) € U, ® 7,
B Suppose W, and W, , ® W, , be irreducible as J,-module
B Consider the intertwiner K;(z): W, > W,,_; ,-1 s.t.

Ki(2) 0 p1,2(9) = pn-1,z-1(9) o Ki(2) g€,

B Let's consider the intertwiner of 7, in two ways
Py =y«

PRl,n—m(my) l® [{l(x)
1® Km('y) Wl,:r ® Wn—m,'y_l > Wn_m,y—l ® Wl,m—> Wn_m’y_l < Wn_lﬂ_l \liRn_r”m’_l(myl)
I/Vl,:c & Wm,y Wn—l,:c_l & Wn—m,y_1
1® [Xrl(&‘j) PR-rr.t,n.—[(:Ey)

a1 §
PR]"m(lLy ) Wm,y & VVl,a: — Wm,y X Wn—l,:n_l — n—lxz—1 %Y Wm,y 1® Km(y)

this gives the RE:
Ryz(zy™ ") Ka(x)Ra1(zy) K1(y) = K1(y)Riz2(zy) K2 (z)Ray (zy ™)



Generalized g-Onsager coideal 14/28

B |et's consider the specific coideal subalgebra B, generated by
Zq — ki (7 €Zn)

A(b}) = kj @ b + (ej - Qijfj) ®1 . AB)CU@B,

bJ = € +q2k i+

O ForVa;, B; € C, e; + a;k;f; + B;k; also generate left coideal subalgebras.

O Our parameter choice
> satisfies a necessary condition for nontrivial K.

» corresponds to a type A generalized g-Onsager algebra [Baseilhac-Belliard,09]
which is an example of quantum symmetric pair [Kolb,12].

O w,, and W, ® W, , are irreducible as B,-module.

B Prop [Kuniba-Okado-Y, (in preparation)]
O K(z) := Tr (z2"G---G) € End (V®") decomposes as

K(2) = @oeie, Ki(2), Ki(z) € End(Wi. — W,y 1)
and satisfy
Ki(2) 0 p1,2(b) = p—y.—1(b) 0 Ki(2) b€ B,




Outline 15/28

B [ntroduction (done)
B MP structure of K for the fundamental reps of U, (A,(,Ll_)l) P4~14

B MP structure of K for the symmetric tensor reps of U, (A,(ll_)l) P16~24

B Summary and Outlook ’\

p doesn’t appear




s there some generalization? 16/28

H To Summarize up to now... L123G21L215G16K 3156 = K3456G16L125G21La13
1. QRE —reduction | \p solutions of RE
2. Characterization in terms of quantum groups

B Any other R and K having MP structure?

O Actually, for the symmetric tensor reps (V,,,m,,) (I = 1,2,-) of U,(4Y)), R-
matrix has MP structure:

R(z) :=Trp , (z*h’R- -+R) € End (Fﬁn ® F;%”)
R(2) = By mezy Bim(2)s Rim(y™) € End(Vie ® Viny)  F3" = @izVis
Rim(2y™) 0 T1e @ Ty (A(9)) = Tie @ Ty (AP (9)) © Rim(zy™Y) Vg € Ug(AY )

Here, R € End(F2 ® F 2 ® F2) is essentially the intertwiner of A,2(SL3)
like K in A, (SP,).

O Natural Q: Is there 7G € End(F 2 ® F,) which gives K-matrices associated
to the symmetric tensor reps by K (z) = Try (z7"G -+ G) € End(FCf?”) ?




U (Afll_)l) and the symmetric tensor reps 17/28

B Symmetric tensor rep (Vy ,, my ;) Tt Uy — End(Vi..)

Fa" = 8oV { e (k) 0) =g =) )
_ T2 (€5) o) =2 JO[%] o —e; +ejy1)
Vk,z = @ C( ) |0513 y (Y > Wk,z(fg) |C|5> [043+1]q2 |CM te;— ej+1>

(a an)EBk
Bk:{a:(al,"‘aan)e 20|2j:1aj:k} [m]q_q —q

q—q
as U,(4,-1)-module, Vy , = V(kw,)

—m

m (V,, m,) = the antipode dual rep of Vy , i.e. Vi, = V(kw,_1)

Vie= D C@)la, - an)
B (1) @) g2 o
. T o(e) la) == 200 ajyy + 1?7242 a4 e — ej41)
Tt Ug = Bnd(Vis) { L) ) == 250l + 1?0 o — ey 1)

B We consider the problem in reverse order, i.e.
1. QRE —reduction | \1p solutions of RE :

2. Characterization in terms of quantum groups




Intertwining relation for K 18/28

B |et's consider the coideal subalgebra B, generated by
2

q )
bj =€ — q4kjfj - ij’ (J S Zn)a A(BQ) - Uq ® Bq

O B, = B, =~ generalized g-Onsager algebra
OV,,andV,, ®V;,, are irreducible as B,-module.

B Start from the intertwiner K;(2):V;, =V},

Ki(2) omz(by) =7, (b)) 0o Ki(2) (4 € Zn), K(2)|a)= ) K(2)3])
This reads explicitly as en

1

— 200 [Oéj+l]q2K(Z)7 + Z_(Sj’o[O‘j]qzqz(aj_aHl)K(Z)g—ejJreHl T 1—q? q2(aj_aj+1+1)K(z)2i

ate;—€;t1

= 20 ] TR K ()10 — 80yl K ()1 e

Gt ()Y

@

1 —qg?
This equation is only associated to j~j+1-th sites.

B Suppose ?G € End(F,z ® F) s.t. K(2)f, = Try, (27"Ggt -+ Gol)-
Here, G/ is given by Gli) ® Im) = ¥ ez, /) ® G/ Im).




Bilinear equations for G 19/28

B Lemma [KOY,18]
O If g/ satisfies the following equations

1 2(a; —az+1
e L I

1 ot ) @ € o

—[02]q2g£+1g£—1 + q2(a1_a2)[al]ngg—lggiﬂ +

1

= Tl G T 63T - G TG +

then, K(2)}, = Tr(z7"g}* --- gi") satisfy the intertwining relation.
O Sketch of proof

m; . (b) gt

- 1 _
o] G0 11 G2 1 + T 0] 200 G+ e gmetgnge

Ki(z) om . (bj) = ﬂ-l*,z—l (bj) o Ki(2)  (J € Zn), = T ]G G2 — OO +

1—¢?

2(— 1
q (=71+72+ )gzllggg

B The above equations = overdetermined recurrence equations




Explicit formula of G 20/28

B Thm [KOY,18]
O G € End(F 2 @ F) is given by G/ = q~"k~2G] and (z1q) = [II", (1 — 2¢* 1)

j 2. 2 ¢, =q"% 9 a9 —7 (o~
Gi=(=q"q )i+j¢( i T ) (@)™ (i=])
2

o —2¢ . —
— (-t Pansa) o (5 ) 2))

(a; Q)m(b; Q)m ,m
(45 @) m (¢ @)m

b
Here, ¢ is q-hypergeometric series 2¢1 ( DAL Z) =

C
m>0

O K(2)y = Trg, (27"G4r - Gor) decomposes as K (z) =@;ez,, Ki(2) and satisfy

Ki(z) om »(b) =) -1 (b) o Ky(2) (Vb € B,)



Sketch of proof for the formula of G 21/28

O Substitute gif into

2 —
—[a2]q29311+1gg§—1 +4q (e az)[aﬂqZQZi—lgliﬂ +

gl e g
—q
_ _ _ 1

= el pGU TG - e G TIOE Y +
and remove some common factor, then it reduces to bilinear equations
for g-hypergeometric series of scalar variables.

O For example, the case a; > y; and a, <y,

- - - - U1, —uy Uz, —qua up=q ", up=q
0 =uy(ug —uy ) (—vy 5 q)2(g  uivr tws q)20 ( U ;w) ¢ ( iz, 4 ;y) 1 1
q " quz v =g T gy = g2

2(— 1
q (—v1+7y2+ )ggﬁggz

a2

—1 —1
- — — - U, —uU Uz, — Uu —y—
+ o up(wy = g o) (=vy 1 0)29 ( b ;w> ¢ ( 1870 ;y) w =gk, y=q* ootk

—qu1 —q U2
-1 —1
-1 -1 -1 —1 q U1, —q “up Uz, —U2
— UV  (UgUs  — Uy V) (—Vy _ Jw ;
1VUs (u2 2 2 2)( 1 Q)2¢5( —q Loy )¢( —qus y)
-1 —1 -1,2, —1 quy, —quj Uz, —U2
—ug(u; —u —Uqy ujv, W ;w _ ;
2(u1 1) (=g 1a)2(g 11 Q)2¢( —qu; )Cb( —q Ly y)

- - - — - - U, —u Uz, —U
— (14 Quiua(vy ' — o3 DA+ o7 (1 +v3 ) (1 — ¢ tuiv] Tw)e ( 1—1’1 L ;w) o ( 2_02 2 ;y>

Heine’s contiguous relations
_—

i, il
0= Agp ( g Ul,lvﬂq ;w) + B¢ ( Sl ;w) (A, B : linear combination of ¢)
1

—q —q v

Actually, we can show A = B = 0.



Example of K (n=2,I=2 case) 22/28

B We normalized K;(2)? as Kl(z)igi =1 K(z)|o)y= > K(2)1|)

YEB;

o) = 1)

2 1 4 22 2 5
2,0) > [2,0) + EHEEDE 0, 9) 4 LAz q q)

2 1 4 2
0,2) = GFAEI L 19 0) +]0,2) + L |1,1)

1+¢°2 (14¢%)z 2+q%24qz(2+2)+¢* (1422)
|1a 1> = q4—Ez |2a O> + gtz |Oa 2> + (I+¢H) (2 +2)(¢*+=2) |1: 1)

(not factorized)
B For'n=>2, "l €Zsy K,(2) is trigonometric and dense.

B Forl =1 cases, our K;(z) reproduces [Gandenberger,99].



Some specialization for K 23/28

H ;= 1, q—Zl
O All the component of K-matrix are factorized for a,y € By:

K(l)*y _ H?:l(_QQ; q2)05i (_q2; q2)’)fi K(q72l)'\/ _ q2<%a> H?:l(_qz; q2)ai+’yi
o

(—¢% ¢*)7 ’ ® (4% ¢®)a
] q - ( (v, a) :Z1gz‘<jgn%aj
O Conjecture
limg_ K(2)) = 2z~ @)
Qo (v, @) == Nakayashiki-Yamada's unwinding number.
[Nakayashiki-Yamada,97]
O Example (n=2,1=2)
a) - [) @=L jelp
2,0) -+ [2,0) +10,2) + |1,1) /
—2 -1 Y= (250) '/./
10,2) — 2771(2,0) +(0,2) + 27" |1, 1)
11,1) —~ 271[2,0) +10,2) + 271 |1,1) — Qo((2,0),(1,1)) =1



Quantized reflection equation for G 24/28

B Does G satisfy QRE, like the following?
1 2 3 4 5 6
L123Go1Lo15G 16/ 3056 = K3156G16L125Goilo1s € End(V @V @ Fo @0 F), @ 2 @ 1)

B Theorem [KOY, (in preparation)]
O The following equations holds:

- - 1 2 3 4 5 6
Ri123G24R215G16K3456 = K3a56G16R125G24R213 EEnd(Fe @ Fe @ Fip @ F; @ F2 @ Fy)

~j _ —h?/2,J h?/2
6! = a™/2gla v cwecs
R,R, R = the intertwiner of qu(SLg) ——— F = ®,50C|m)
\; 3 b\G
4
0 Kause = Kause © g 5 o K3456 = K3456 © g
4 2 4
6
2 3 9 3




Summary and Outlook 25/28

B The fundamental reps B The symmetric tensor reps
L1935G21L215G16K 3456 Ri123G21R215G16K 5150
= K31456G16L125G21 L2153 = K3456G16R125Go1 Rots
K(z):Tr(th-'-G) K(z):Tr(z_hg---g)
Kl(z) © pl,z(b) — pn—l,z—l(b) O Kl(z) KZ(Z) OT 2 (b) — Trn—l,z—l(b) o Kl(z)

B Boundary reduction known for (L, G,X):  [Kuniba-Pasquier,18]
T‘?", 35’ — M
R (2) = (2L Llxe) K5 (2) = (] hG - Gln) o) = Sonso 55

They conjecturally satisfy the RE in the following pairs 1) = 2 om0 ((LTm);
R¥(z)  K''(2), K'2(2), K*'(2), K**(2) Uy
R?1(z) K1 (z), K**(2) U,(BY)
R?*?(2) K*?*(z) Uy(D;”)

How about (R, G, X)?



Appendix: A;(SL3) 26/28

T T2
Aq(8L3) - (tij>?,j:1 O—O
1 %)
t11 t12 113 a k 0 1 0 0
to1 tog tog | — —Qk at 0 , 0 a k
t31 t32 t33 0 0 1 0 —qk a+
Wi(sls) = (s1,82) 51582581 = $95152

‘ T QT @M X Ty QT & 7o

B By Schur's Lemma, there exists the unique intertwiner @ s.t.

dom ®my ®7T1(A(tij)) = g & ®W2(A(tij)) o P



Appendix: 3dR 27/28

B Set R =®P;3 € End ((F,)®?) P3(zy®2) =20y
7?,07T1®7T2®7Tl(A0p(ij))272®771®7r2(A( ))OREEHd(( )®3)

Here, A°P(t;;) = Pi3sA(ti;)Pis
B Denote its component as R|i) ® |j) ® [k) =3, , . R a) @ [b) @ [c)

B Prop [KV94]
O With the normalizationR |0) ® |0) ® |0) = |0) ® |0) ® |0)

2 . .

a,b,c a c i(o—i B (q )C+ ; j
Rijk = 5@f3b5?ik E (1) gHe=DHEFDAFR(p k)T,u,( ) (A)

(q )C IJ' q2 qg

A, =0,A+p=>b
a\ _ (9)a S
(b)q gy @~ 0=

OLlet RID)® ) @ k) =3, ,la) @ |b) & R;';f I3
a 2_gp [0 ' — — A i—A—
Rip o 3 (e (1) (4) @y

q? q?

A+p=b



Appendix: Tetrahedron equation 28/28

Theorem [KV94]
O R satisfies the tetrahedron eq.

Ri124R135R236 R 456 = RassRazsRi3sR124 € End (F.QX)G)

Sketch of Proof
O Consider A,(sly) and W(sly) = (s1, S2, S3)

O TE is given by considering the intertwiner for 15253515251 = 535253515253
in 2 different ways. Here we use the following intertwiners:

iIsomorphism intertwiner

T ® T3 >~ T3 ® Ty P
T Qe @M = 7o @M & ma ® =RPi3
o QM3 X Ty ™~ T3 & Ty K T3 d = RPi3

B TE is 3d analog of YBE and gives the sufficient condition for
the commutativity of layer-to-layer transfer matrix.



